Abstract-A low-complexity precoding scheme and semiblind channel estimation method are proposed for amplify-and-forward two-way relay networks with multiple relays and frequencyselective fading channels. In the proposed approach, precoding is performed using a rotation-based matrix and the composite channel impulse response of each source-relay-destination link is estimated based on the second-order statistics of the received signals. The ambiguity in the proposed channel estimates caused by the channel information of the direct link is eliminated using a small number of training blocks. The accuracy of the proposed semiblind channel estimates is examined by deriving the mean square error of the channel estimates for two asymptotic cases, namely an infinite number of data blocks and a high signal-to-noise ratio (SNR) regime. The two cases, thus, provide a useful insight into the effects on the estimation performance of imperfect direct link information and statistical errors of the ensemble correlations, respectively. The asymptotic analyses are confirmed by the simulation results, which show that the normalized mean square error of the channel estimates varies inversely with the SNR and the number of data blocks.
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I. INTRODUCTION

C
OOPERATIVE communications provide an effective means of combating channel fading by allowing users to cooperate and share radio resources [1] - [3] . As a result of their high spatial diversity gain, enhanced energy efficiency, and extended coverage via signal-forwarding through relay nodes, cooperative transmission technologies are widely applied to wireless broadband standards such as Long Term EvolutionAdvanced (LTE-A) [4] . However, the spectrum efficiency of cooperative systems is usually halved due to the two-stage transmission requirement. In the case where two nodes communicate with one another with the assistance of intermediate relays, the relays can perform "network coding" to forward both source signals simultaneously in order to improve the spectrum efficiency. It has been shown that if self-interference effects are eliminated, such two-way relay networks (TWRNs) achieve a comparable spatial diversity gain to that of conventional cooperative networks [5] , [6] . Furthermore, given the existence of multiple relays, the energy efficiency in TWRNs can be further enhanced by employing diversity techniques such as beamforming [7] , relay selection [8] and distributed space-time coding (DSTC) [9] . However, the performance of amplify-and-forward (AF) TWRNs is dependent on the accuracy of the channel estimates. For example, if the channel estimates contain errors, the selfinterference effect cannot be fully eliminated, and hence the detection results are subject to an error floor under high signalto-noise ratio (SNR) conditions [10] . The literature contains various proposals for improving the accuracy of the channel estimates in AF TWRNs with single relay. Generally speaking, these methods utilize training symbols (also known as pilot symbols) to estimate the composite source-relay-destination link under flat-fading [11] - [14] or frequency-selective fading [15] - [18] channels. To enhance the estimation accuracy, the training sequences can be optimized based on either the minimal MSE criterion [12] , [13] or the Cramer-Rao lower bound [16] , [17] . However, the insertion of training symbols incurs an additional overhead. Accordingly, several semi-blind methods have been proposed for estimating the channel based on the statistical information of the received signals. Such schemes utilize a maximum-likelihood criterion under a flat-fading channel assumption and employ only a small number of training symbols to resolve ambiguity in channel estimates. However, the schemes typically have a high computational complexity [19] or are constrained by constant-modulus constellations [20] , [21] . The authors in [22] presented a subspace-based blind channel estimation method for frequency-selective fading orthogonal frequency-division multiplexing (OFDM) TWRNs. However, determining the optimal precoder involves a complicated numerical search. Moreover, extending the method to TWRNs with multiple relays is intractable.
Several studies [23] , [24] on the channel estimation problem in multi-relay TWRNs employ Tucker decomposition to factorize a tensor composed of received training symbols into a set of estimated channel matrices. However, these studies are limited to flat-fading environments [23] , [24] . By contrast, channel fading under wideband transmission is frequency-selective. Thus, if estimation is performed tone-by-tone, the costs of pilot insertion and Tucker decomposition, respectively, are prohibitive; partic-ularly in the case of networks with a large number of relays. Accordingly, this study proposes a new low-complexity precoding design and semi-blind channel estimation method for multirelay AF-TWRNs. In contrast to tone-by-tone channel estimation methods, the present study estimates the composite channel impulse response (CIR) of each source-relay-destination link individually based on the second-order statistics of the received signals. Notably, precoding is performed using a rotation-based matrix, and hence the complexity of the semi-blind estimation process is reduced due to the elegant algebraic relation between the circulant channel matrix and the rotation matrix. Moreover, the precoding design is readily scalable to the number of relays and/or the channel length since decoding involves simply a circulant shifting of the received blocks. Asymptotic analyses are performed to investigate the effects of noise and statistical errors of the ensemble correlations on the proposed channel estimates by considering two asymptotic cases. For the case with infinite number of data blocks, we derive the asymptotic MSE of the proposed channel estimate by ignoring the statistical errors of the ensemble correlations. Under the high SNR case, we investigate the relation between the number of data blocks and the asymptotic MSE by ignoring the noise effect and assuming perfect knowledge of the direct link. Notably, although it is assumed that both source signals have the same SNR, the asymptotic analysis can be extended to the case with distinct source SNRs. It is shown that the asymptotic MSE of the channel estimates is inversely proportional to the SNR and the number of data blocks. Moreover, it is shown that the simulation results for the normalized MSE (NMSE) are consistent with the asymptotic analysis under high SNR conditions. The remainder of this paper is organized as follows. Section II introduces the system model of the proposed multirelay AF TWRN. Sections III and IV present the proposed precoding matrix and semi-blind channel estimation method, respectively. Section V provides an asymptotic analysis of the channel estimation performance. Section VI presents and discusses the simulation results. Finally, Section VII provides some brief concluding remarks.
Notations: In the following sections, n N and represent operations of n modulo N and circular convolution, respectively. Moreover, the two-norm of a vector f is represented as f , and while diag(f ) denotes a diagonal matrix with diagonal entries equal to f . Vectors 0 m and 1 m denote vectors of length m consisting of all zeros and all ones, respectively. In addition, I m is an m × m identity matrix. For a matrix F, the (i, j)-th entry is denoted by [F] II. SYSTEM MODEL Consider a two-way multi-relay network in which two source nodes (S 1 and S 2 ) communicate with one another with the assistance of N R AF relays, as shown in Fig. 1 . Assume that both nodes are equipped with half-duplex transceivers and the direct link between them is not obstructed. Assume also that the channels suffer frequency-selective fading and all the links are faded independently. Let the CIR of the link from node i to node j be denoted by the h ij with length L ij , where i, j ∈ {S 1 , S 2 , R 1 , · · · , R N R }. Since both source nodes are half duplex, a total of three phases are required to accomplish the two-way relay transmission between them in order to fully exploit the diversity provided by the direct link. In Phases I and II, S 1 and S 2 take turns in transmitting N t training blocks and N d data blocks, where these blocks are first modulated by OFDM with N subcarriers. To avoid interblock interference, the sources append a cyclic prefix (CP) with length
N ×1 be the m-th blocks sent by S 1 and S 2 in Phase I and II, respectively. The source symbols are assumed to be zero-mean, mutually independent and with unit power, i.e.,
. During Phase I, the m-th blocks received at S 2 and the q-th relay (q = 0, 1, · · · , N R − 1), respectively, are given after CP removal by
where P s is the transmission power of both source nodes, H ij ∈ C N ×N is the channel matrix of the link from node i to node j, and z 
Hence, the channel matrices can be denoted as
, where the -th tap of CIR h ij is complex Gaussian distributed with zero mean and variance σ 2 h i j ( ) under Rayleigh-fading environment. Similarly, in Phase II, the received signals at S 1 and the q-th relay following CP removal are given respectively by
Note that channel reciprocity need not hold in this study.
After receiving the signals in Phases I and II, the relays remove the training symbol blocks and then forward the data blocks during Phase III following multiplication with a precoding matrix. (Note that the training blocks are removed in order to enhance the spectrum efficiency of the two-way relay system.) The data blocks pre-coded at relay R q have the form
where C (1) q and C (2) q are the N × N matrices used to precode the signals received in Phase I and Phase II, respectively. To meet the transmission power constraint at each relay, the precoding matrices are assumed to be unitary. Thus, the amplification factor is given by
where P q is the transmission power of the relay R q , σ
The relays retransmit the pre-coded signals after appending a CP with length N cp . Assuming that signal reception is wellsynchronized at all of the nodes, the received signal at source node S k after CP removal is given by
where k = 1 or 2, and
is the equivalent channel matrix, and
is the equivalent noise.
III. PRECODING DESIGN AT RELAYS
This section introduces the low-complexity precoding scheme proposed in this study. The section commences by examining the algebraic properties of rotation and circulant matrices. The precoding design is then described.
Let Φ ν denote the N × N rotation matrix in which the (i, j)-th element is given by
Multiplying Φ ν with a column up-shifts the column by ν entries circulantly. The algebraic properties of a rotation matrix can be summarized as follows.
Lemma 1: Consider an N × N rotation matrix Φ ν with ν ∈ N and a circulant matrix T c (h) with h ∈ C N ×1 . The following properties hold: (P1) Symmetric property of rotation matrix:
(P2) Multiplication of two rotation matrices:
(P4) Multiplication of rotation matrix and circulant matrix:
(P5) Commutative property of rotation matrix Φ m and circulant matrix:
In this study, the precoding matrices are chosen from the rotation matrices by exploiting the properties described above. Notably, multiplying a rotation matrix simply involves shifting the position of the received blocks, and is thus computationally straightforward. Furthermore, by precoding the received signal using a rotation matrix, the transmission power remains unchanged due to the length preserving property of rotation matrices. Let the precoding matrix at the q-th relay be denoted as C
is chosen in the following. According to the commutative property of rotation matrix and circulant matrix, the equivalent channel matrix in (8) can be rewritten as
Note that matrix H R q S k H S k R q is still an N × N circulant matrix. Due to the Toeplitz structure of the channel matrices, it follows that
By implementing the precoding scheme at the relays, the source users have the ability to estimate the effective CIR of each relay path individually. More specifically, it is preferred that the locations of the non-zero elements of Φ ν (q,k ) H R q S k H S k R q are not overlapped such that the effective CIR of each relay can be obtained through the estimate of G k k . When the dimension satisfies
the non-zero elements of Φ ν (q,k ) H R q S k H S k R q can be located without overlapping for distinct q. It shows from (10) that the number of relays N R is limited by the number of subcarriers N and the length of CIRs of the source-relay-source links. Hence, it requires to increase the number of subcarriers (i.e., transmission bandwidth) to perform the proposed channel estimation and attain multipath diversity gain when the number of relays is increased.
with a non-zero region denoted byZ
for any k, k and q = q . When the dimension N is sufficiently large, H R q S k H S k R q contains a large number of zeros, and
In practice, however, the dimension N is constrained by the signal bandwidth and subcarrier spacing. The difference among {ν(q, k )} should therefore be minimized in order to reduce the required dimension. In the present study, {ν(q, k )} is chosen as
Hence, the time-domain signals transmitted by the relays are similar to a round in a chorus where singers sing exactly the same melody with each voice beginning at different time. On the other hand, no matrix multiplication is actually required in the proposed precoding scheme.
IV. SEMI-BLIND CHANNEL ESTIMATION
This section presents the semi-blind channel estimation scheme proposed in this study for two-way cooperative networks. Channel estimation at the two sources is symmetric. Thus, for reasons of simplicity, the following discussions focus arbitrarily on the channel estimation process performed at S 2 . The equivalent channel matrix of each S k -R q -S 2 link (k = 1, 2) is estimated by exploiting the statistical correlation between the received symbols and the data symbols. In practice, there exists an ambiguity in the channel estimates of the S 1 -R q -S 2 links due to lack of channel knowledge directly from S 1 to S 2 . As described in the following, in the method proposed in this study, this ambiguity is resolved by sending a small number of training blocks from S 1 to S 2 in Phase I.
A. LS Channel Estimation of Direct Links
Based on the received training blocks, each source uses the least square (LS) criterion to estimate the channel matrix of the direct link. The training blocks received at S 2 during Phase I can be written as 
(12) Hence, the channel matrix H S 1 S 2 can be obtained directly by
B. Semi-Blind Channel Estimation of Source-RelayDestination Links
This section explores the statistical properties of the received data blocks before performing channel estimation. Since s 1 
Equation (14) shows that G 12 can be estimated from the cross-correlation of the signals received at S 2 during Phases I and III, respectively, together with side information regarding the channel matrix H S 1 S 2 and the statistical properties of s 1 [m] .
The cross-correlations in (13) and (14) can be evaluated through the corresponding ensemble cross-correlation. Let the ensemble cross-correlation between two random vector sequences x[n] and y[n] with lengths N s be defined as
According to the law of large numbers (LLN), the ensemble cross-correlation R xy converges to
] when the sequence length N s goes to infinity. Thus, with a sufficiently large number of data blocks, the channel matrices G 12 and G 22 can be estimated at S 2 as
where H S 1 S 2 is obtained using training symbols, as described in Sec. IV-A. In the channel estimates, the cross-correlation matrices are approximated by the ensemble cross-correlation matrices. Specifically, the ensemble cross-correlation matrix R y 2 to further improve the estimation accuracy. However, the source S 2 is not aware of the data vector transmitted from the other source S 1 . Thus, we adopt the correlation matrix R s 1 (expectation of R s 1 s 1 ) to estimate G 12 in (16) .
Under the proposed precoding scheme, matrices G 12 and G 22 are circulant and composed of the effective CIRs of links S 1 -R q -S 2 and S 2 -R q -S 2 , respectively. It is easily verified that the
is still circulant, the effective CIR of link S k -R q -S 2 can be found in each column respectively. Thus, the effective CIR of link S k -R q -S 2 can be estimated from the corresponding element of matrix Φ H ν (q,k) G k 2 for all q. By exploiting the circulant structure, the effective CIR of link S k -R q -S 2 can be estimated by averaging the channel estimates in Φ H ν (q,k) G k 2 over all of the columns in order to further reduce the estimation error. That is,
where
is an averaging operation and the -th element of the output vector has the form
V. ASYMPTOTIC ANALYSIS OF SEMI-BLIND CHANNEL ESTIMATES
The accuracy of the proposed semi-blind channel estimates depends on the estimation error of the direct link between the two users and the statistical error of the ensemble correlation. Since the direct link is estimated from the received training blocks, the estimation error is determined both by the SNR and the number of training symbols. Similarly, the statistical error of the ensemble correlation depends on the number of samples. However, a theoretical analysis of the proposed channel estimates is intractable. Accordingly, the present study considers the effects of these two factors on the accuracy of the proposed channel estimates individually by means of two asymptotic cases. The first case investigates the impact of imperfect estimates of the direct link by assuming that the number of data blocks N d approaches infinity. The second case evaluates the influence of statistical errors of the ensemble correlation under a high SNR assumption. To facilitate the analysis, the following definition is first introduced. 
A. Asymptotic Analysis as N d → ∞
To investigate the effect of the channel estimation error h S 1 S 2 h S 1 S 2 − h S 1 S 2 on the channel estimate h S 1 R q S 2 , let the number of data symbols N d be sufficiently large that the ensemble covariance approaches the corresponding expectation in accordance with the LLN. Since LS estimation is employed to obtain h S 1 S 2 , the estimation errorh S 1 S 2 is complex Gaussian distributed with zero mean and covariance matrix 
and is thus zeromean Gaussian distributed. Due to the circulant structure of H S 1 S 2 , the covariance matrix among the m-th and n-th columns
. According to the LLN, the ensemble cross-correlation R y 2 3 y 2 1 approaches R y 2 3 y 2 1 when N d is sufficiently large. Consequently, it follows that are negligible if the channel estimation error is not extremely large. Therefore, the second term in (19) can be approximated as zero, and the channel estimate h S 1 R q S 2 is equal to
It is noted that matrix H
is non-singular due to its circulant structure. In addition, the estimation errorsH H S 1 S 2 can be assumed to be small given a sufficient number of training symbols. To verify this assumption, consider a direct link with L S 1 S 2 = 3 and σ is small and the Taylor series can be used to approximate the matrix inversion in (20) , i.e.,
. It thus follows that
In (21) , the estimation error is approximated byh
) and has the distribution described in the following proposition.
Proposition 1: The vector of the channel estimation error h S 1 R q S 2 is complex Gaussian distributed CN (0, Ξ S 1 R q S 2 ), where the (i, j)-th element Ξ S 1 R q S 2 has the form
(22)
Proof: From (21), the error covariance matrix of the channel estimate h S 1 R q S 2 is approximated by the correlation matrix of µL
. From the statistics of the channel estimation error matrixH S 1 S 2 , it follows that
. Moreover, the correlation matrix among the rows inH
is given by
. (23) From the definitions of the row-and column-correlation matrices given above, it is easily verified that
is still circulant and has eigenvectors equal to the columns of the discrete Fourier transform (DFT) matrix since H S 1 S 2 is also circulant. Hence, the (i, j)-th entry of the row-correlation matrix Ψ n,m (H
and the row-correlation matrix of
is equal to
Consequently, the (i, j)-th entry of the error covariance matrix of h S 1 R q S 2 is given by
which is consistent with the result given in (22) .
As a result, the MSE of the channel estimate h S 1 R q S 2 can be approximated by taking the trace of matrix Ξ S 1 R q S 2 , i.e.,
From (27), it is seen that the MSE of the channel estimate is inversely proportional to the number of training blocks N t and the SNR. In practice, the value of N t + N d is limited by the coherence time of the multipath fading channel. Consequently, a trade-off issue exists among the channel estimation error of the direct link and statistical errors of the ensemble correlation. Note that the estimation error in h S 2 R q S 2 is independent of N t and the estimation error in the direct link since the channel estimate depends simply on the second order statistics of the received vectors. Furthermore, the estimation error in h S 2 R q S 2 approaches zero under the asymptotic assumption.
B. Asymptotic Analysis at High SNR
This section investigates the effects of statistical errors of the ensemble correlation on the semi-blind channel estimation performance given an insufficient number of data symbols, N d . Note that to more clearly observe the effects of statistical errors, it is assumed that the SNR is sufficiently high and the channel estimation of the direct link H
. In this work, the SNRs of two source signals are assumed the same for simplicity and conciseness. Notably, the asymptotic analysis can be easily generalized to the case with distinct SNRs. Given an insufficient number of data samples, convergence under the LLN may not hold. Specifically, statistical errors in the ensemble correlation matrix
and additional channel estimation errors will occur.
From (17), the channel estimate of link S 2 -R q -S 2 is given by
Hence, the effective CIR h S 2 R q S 2 of the link can be estimated as
The second and third terms in (29) give the channel estimation error arising from the effective CIRs caused by the insufficient number of samples. Before analyzing the estimation performance in (29), it is first necessary to examine the statistical properties of the ensemble covariance matrices R s 1 s 2 and R s 2 s 2 . Lemma 2: Given two independent data streams s 1 [m] and s 2 [m], the expectation of the ensemble covariance matrix R s k s k is given by
Moreover, the correlation matrix among the columns of R s k s k has the form Proof: Since the data symbols are i.i.d., it follows that
When k = k, the column correlation of R s k s k is given by
Similarly, the column correlation of R s k s k is equal to
When i = j, the circular symmetric property of data symbols leads to the result
where e i is an elementary vector in which the i-th element is equal to one and the remaining elements are all zeros. When i = j, (33) becomes
Proposition 2: The channel estimation in (29) is unbiased and, in the high SNR regime, the error covariance matrix is approximated by
where G 1,2 is a 2N × 2N block matrix with each block being
, and
is the sixth moment of the data symbols. Proof: From (29), the error covariance matrix of the channel estimate is equal to the correlation matrix of the vector µL
).
Since the noise vectorz 
The correlation matrix between the i-th and j-th columns of
Under high SNR conditions, the column correlation matrix
) can be approximated as zero, and the error covariance matrix Ξ S 2 R q S 2 is approximated by
According to Lemma 2, the expected value of the ensemble correlation matrix R s 2 s 2 is equal to I. DefiningR s 2 s 2 R s 2 s 2 − I, it can be shown thatR s 2 s 2 is zero-mean and has a column correlation matrix with the form
It is seen in (39) 2R s 2 s 2 ) ). In accordance with the statistical properties of the data symbols, the cross-correlation matrix among the columns in R s 1 s 2 and R s 1 s 2R s 2 s 2 has the form
Similarly, the correlation matrix among the columns in R s 1 s 2R s 2 s 2 is given by
From Lemma 2, and (40) and (41), the correlation matrix among the columns in
The equality in (42) Under high SNR conditions, the MSE of the channel estimate h S 2 R q S 2 can be approximated as
Equation (43) depends on
In the high SNR regime, the channel estimation errors of
can be neglected and the channel estimate G 12 thus is approximated simply as
where (45) 
where the second term contributes to the channel estimation error when the sample number N d is insufficient. The asymptotic statistics of the channel estimate h S 2 R q S 2 are analyzed in the following proposition.
Equation (50) shows that an error floor exists in the channel estimate h S 1 R q S 2 under extremely high SNR conditions with insufficient number of data blocks. Moreover, the MSE of h S 1 R q S 2 is determined by the CIR of the links S 1 -R q -S 2 and S 2 -R q -S 2 , and can be improved by increasing the number of subcarriers N or data blocks N d . Fig. 2 . NMSE of the S 2 -R q -S 2 and S 1 -R q -S 2 links in proposed semi-blind estimation scheme given N t = 10 and N d = 100.
VI. COMPUTER SIMULATIONS
This section evaluates the estimation performance of the proposed semi-blind method in terms of the NMSE, i.e.,
whereĥ m is the channel estimate of the m-th Monte Carlo run, and M c is the number of Monte Carlo runs, which is set as M c = 1000 in the current case. The simulations consider a cooperative network with N R = 1, 2, or 4 relays and a constant channel length of L = 3 . For all links, the channel coefficients are independent, circularly symmetric, and Gaussian distributed with a variance of
where T s = 50 μs and T RM S = 100 μs denote the symbol period and root-mean-square delay spread, respectively. During the first two phases of the communication process, N t = 10 or 1000 blocks of training symbols are transmitted, where each block contains N = 64 time-domain symbols. The data symbols are all modulated by QPSK. Transmission power of both sources and the relays are assumed the same, and SNR P s /σ 2 z . Since the channel estimation processes at S 1 and S 2 are identical, the simulations consider only the channel estimates obtained at S 2 . Fig. 2 shows the NMSEs of the channel estimates obtained for various values of the SNR given N t = 10 training blocks and N d = 100 data blocks. It is seen that the channel estimate of the direct link has high estimation error because the number of training blocks is small. As a consequence, the channel estimate of the S 1 -R q -S 2 link is poorer than that of the S 2 -R q -S 2 link under low SNR conditions due to estimation errors of the direct link. It shows that error floors exist in the proposed estimates when SNR exceeds 45 dB. Fig. 3 demonstrates the corresponding bit error rate (BER) performance with the proposed channel estimates. In the section, we adopt a simple zero-forcing detection at the receiver to demodulate the data symbols. Compared with the case with perfect channel state information (CSI), the channel estimation error degrades BER performance by 3 dB. To investigate the performance improvement by increasing the number of data blocks, Figs. 4 and 5 show the NMSE of the channel estimates and the corresponding BER performance given a constant number of training blocks (N t = 10) and data blocks (N d = 1000) . In Figs. 4, 6 and 9 , the asymptotic analysis of the NMSE of the S 1 -R q -S 2 link is given in (27) by assuming infinite number of data blocks. It is noted that the asymptotic MSE in (27) is independent of N R . Hence, the asymptotic NMSE can be treated as a benchmark for N R = 1, 2, and 4. The asymptotic analysis provides tight lower bound on the NMSE at high SNR because of Taylor approximation. It shows that the NMSE of all channel estimates and the BER performance are slightly improved. However, both NMSE and BER performances are still dominated by the poor estimation of the direct link. For comparison, we also demonstrate the NMSE and BER performance of the proposed scheme with a much more accurate estimate of the direct link in Figs. 6 and 7 by considering the increasing the number of training blocks to N t = 1000. It shows that the NMSE of all channel estimates are significantly reduced and the MIMO-OFDM system achieves higher diversity order according to the BER performance.
In Fig. 8 , we compare the NMSE of the proposed scheme with two training-based methods proposed in [11] and [15] given that N t = 10 and constant N d = 100. We consider that the TWRN has one relay since the linear maximum SNR (LMSNR) estimator in [11] and the LS estimator are applicable only for this case. It shows that the proposed scheme outperforms the training-based estimations, because the proposed channel estimate further exploits N d = 100 data blocks.
To evaluate the asymptotic NMSE of the proposed channel estimate, Fig. 9 shows the NMSEs of the S 1 -R q -S 2 link as a function of N t given N d = 1000 data blocks at SNR = 30 dB. It is seen that the NMSE of each channel estimate is inversely proportional to the N t when the number of data block is sufficiently large. On the other hand, Fig. 10 shows the NMSEs of all links as a function of N d given the asymptotic case that N t = 1000 and SNR = 30 dB. It shows that when the direct link is sufficiently accurate, the NMSE of the proposed channel estimates decays linearly with increasing N d . In Fig. 10 , the asymptotic analyses of the NMSE of the S 1 -R q -S 2 link and the S 2 -R q -S 2 link are given in (50) and (43), respectively, under high SNR assumption. It shows that the simulation results in Figs. 9 and 10 are consistent with the asymptotic analyses. 
VII. CONCLUSIONS
This study has proposed a rotation matrix-based precoding scheme and a semi-blind channel estimation method for AF TWRNs with multiple relays. The precoding design is readily scalable to the number of relays and/or the channel length since the decoding process requires only a circulant shifting of the received blocks. Moreover, the semi-blind estimation process has low complexity due to the elegant algebraic relation between the circulant channel matrix and the precoding rotation matrix. Finally, the estimation errors in the CIR of each sourcerelay-destination link arising from ambiguities in the direct link information are minimized through the use of a small number of training blocks. Asymptotic analyses have been performed to investigate the effects of estimation errors of the direct link between the two users and statistical errors of the ensemble correlation, respectively, on the accuracy of the semi-blind channel estimates. The results have shown that the MSE of the channel estimates is inversely proportional to the number of training blocks N t and the SNR as N d approaches infinity. At high SNR regime, the MSE of the channel estimates is inversely proportional to the number of data blocks N d . A good agreement has been observed between the asymptotic analyses and the results obtained from Monte-Carlo simulations.
